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Q 1. Let A denote a finite set called an alphabet, and consider the set 
A* consisting of all finite sequences of elements of A. The elements of 
A* are called words and a block of consecutive terms in a word is called 
a subword. Let F 2 A*, and let A*/F denote the set of words which do 
not have any elements of F as subwords. Many combinatorial enumeration 
problems involve sets having the form A*/F. Sometimes more detailed 
information about elements of A*/F can be obtained by means of weight 
functions. 
In the first part of this note it will be shown how to calculate the sum 
of the weights of the elements of A*/F provided F is finite, and the weight 
function w satisfies the law w(ab) = w(a)w(b) for all a, b E A*/F. The 
method involves the use of de Bruijn-Good graphs [I], and a theorem 
of Read [2]. A short exposition of these ideas is included. The last part 
of this note makes an application of this method to a special case of the 
following unsolved problem. 
Let Ixr(x)=mrx+q (i=l, . . . . k) with WQ, CI non-negative integers, suppose 
ml . . . mk has distinct prime divisors ~1, . .., ‘pi, and let f(ei, . .., en) denote 
the number of distinct functions having the form pp . . . $Qx+ c repre- 
sented by compositions of ~1, . . ., aCk. Assume further that or~(x)#x for 
i= 1, . ..) k. Prove or disprove that 
(1) 2 f(e1, . ..) eh)xil . . . cQ=F(xl, . . . . x/‘) 
+N 
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represents a rational function. It is easy to show that P is a rational 
function provided 011, . . . , 01k are unrelated. We will show in a forthcoming 
paper that F is a rational function when ml = . . . =nzk. The last section 
of this paper involves still another case in which F is a rational function. 
We conjecture that F is a rational function for all finite sets (1x1, . . . , Q}, 
provided none of the ~L’S is the identity function. 
$ 2. A de Bruijn-Good graph has as its vertex set An, the n-tuples 
of elements of a finite alphabet A = {ai, . . ., uk}. Two elements x, y E An 
with x=(x1, . . . . x,), y=(yi, . . . . yla) form a directed edge (x, y) in the graph 
just when xt+i=yi for i=l, . . . . n - 1; that is, the last n - 1 components 
of x overlap the first n- 1 components of y. The word xiyiya . . . y,, is 
associated with the edge (x, y). The number of vertices in this graph is 
1 Ain = kn, and, since each vertex has exactly 1 Al = k edges directed away 
from it, there are IAl n+i = kn+i edges in the graph. The de Bruijn-Good 
graphs were first studied to find a cycle of elements of A such that every 
element of An+1 occurs as a block of consecutive elements in the cycle 
just once. Such cycles are equivalent to Eulerian cycles (that is, a cycle 
which involves each edge exactly once) in the de Bruijn-Good graph. 
Modifications of these graphs can be used to study sets having the form 
A*/F with A and F finite sets. Call words in A*/F good and words not 
in A*/F bad. Suppose the longest word (or words) in F has length n+ 1. 
If F is replaced with F’, the set of all bad words of length n + 1, then 
A*lF and A*IF’ are nearly equal because A*IF’ does not contain any 
bad words longer than n. If F has some elements shorter than n + 1, 
then A*/F’ contains some bad words, but these must be shorter than 
n+ 1. Now consider a graph G(A, F) having the good words of length n 
as its vertex set, and the edge set defined as in the de Bruijn-Good graph 
except that an edge having an element of F’ associated with it is deleted. 
More precisely, good words x, y of length n with x= xi . . . xn, y= yi . . . yn 
form a directed edge (2, y) just when xi+1 = ?/s for i = 1, . . ., n - 1, and 
x1y1yz *** yn is a good word. Now note that there is a one-to-one corre- 
spondence between good words of length m and paths of length m-n 
in G(A, F) for all m>n. (The good word ~1x2 . . . xm corresponds to the 
path(xi...zn,sa...xn ,..., ~~-~+l... x,), and it follows from the definitions 
that (a . . . ~(~~-1, xt+i . . . x~+~) is an edge in the graph.) 
It is well-known that the number of paths of length h from vertex i 
to vertex j in a directed graph with vertex set {l, . . . . plpl is the (i, j)th 
entry in the h-power of the p xp incidence matrix of the graph. R. C. 
Read [2] observed that more information about these paths can be obtained 
by use of weight functions. Let V= (1, . . . . p}, let S, T C V, and let 
ECVxV.Awordvi... vh over V is considered good just when vi E S, 
vh E T, and (vi, vt+i) E E for i = 1, . . ., h- 1. (In other words, (vi, . .., Vn) is 
a path in the directed graph (8, E) with vi in a start set S and 2)h in a 
terminating set T.) A weight function w is defined on V and extended 
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to V* by defining the weight of o= vi . . . Vh as w(vi) . . . w(vh) if v is good, 
and w(v) =0 otherwise. Read’s observation is that 
(2) 2 w(v) = SEJ’-IT, 
vev” 
where S is a 1 xp row matrix whose ith entry is w(i) if i E 8, and 0 if 
i 4 8, E is an 1, xp matrix whose (i, j)th entry is w(j) if (i, j) E E and 0 
if (i, j) 4 E, and T is a p x 1 column matrix whose jth entry is 1 if j E T 
and 0 if j I$ T. If the weight function w is defined so that the sum of the 
weights of all words is itself a weight, then 
(3) ve3* w(v) = S(I- E)-4 = hgl SEh-4, 
where I denotes the p xp identity matrix. 
Read’s technique was originally formulated to deal with words which 
omit certain two-letter words over a finite alphabet, but the technique 
is actually capable of dealing with sets having the form A*IF with A 
and F finite. The graph G(A, F) is used in place of (V, R), and (2) (or 
(3) when appropriate) may be used to deal with good words of length 
n or greater. Good words of length less than n may be dealt with by 
modifying F (delete the words of length n+ 1 and redefine G(A, F)), and 
apply (2). In particular, note that if weights are polynomials, then (2) 
gives rise to a polynomial, and if the sum in (3) exists, it represents a 
rational function whose denominator may be taken as the determinant 
of I-E. 
Let fA*,F@) =f(h) d enote the number of good words of length R in 
A*/F, then it follows that 
represents a rational function, say (p(x)/q(x) with p, 4 relatively prime 
polynomials, and q(x) = 1 - ~15 - . . . -q+?. Furthermore, q is a factor of 
the polynomial det (I-E), and the sequence (f(a) : h>n) satisfies the 
difference equation 
(5) f(A)=q1f(h-l)+...+q,f(h-r) (h>r+n). 
Often the technique just outlined may be replaced with a shorter method 
involving a smaller system of equations. For example, to find the generating 
function for the number of words of length h over (01, /?, y) which omit 
a@ would require a 9 x 9 matrix. A smaller and simpler system is obtained 
by the following method. Let G denote the generating function, and let 
G, denote the generating function for good words of length h which have 
the word u as an initial subword, then: 
G= l+Gaz+Gp+Gr, 
(6) Gg=Gv=xG, Ga=x(G-Gas), 
G& = xzG. 
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This readily implies 
(7) Q=l/(l-3x+23). 
The foregoing example is a special case of the following procedure. As 
usual, suppose A and P are finite sets with F C A*, and let w denote a 
weight function defined on A* satisfying w(ab) = w(a)w(b) for all a, b E A*. 
Suppose further that the weight function is such that the sum 
(8) au= uve;*,p ww (u E A*m 
is also a weight. Put G = J&A G, = GA where A is the empty word over A. 
Define a word r to be basic if it is bad but no proper initial subword is 
bad, that is, r is basic just when r is bad, and r =st with s, t # A implies 
s is good. Now we have 
(9) G,=w(u)(G- 2 G,). 
utl b4.a 
oe AalP 
To see that (9) is true, observe that a bad word having the form ug with 
g a good word has a shortest bad initial subword, say uv, so g=vg’ and 
v is unique with v E A*/F. Also, note that if u is good, and uv is basic, 
then the length of v is not greater than n, where n+ 1 is the length of 
the longest word in F. (A terminal subword of uv is an element of F, 
and must overlap u.) Besides (9) one needs the fact that 
(10) G=w(A)+ I: @a, 
OCA 
where, as usual, n denotes the empty word over A. Together (9) and (10) 
give rise to a linear system involving G, for all good words u not longer 
than n. Obviously, as was done in our example, a procedure may be 
followed to keep this system small. First, write down (10). Then at each 
stage write down expressions for those GU which have appeared on the 
right side of earlier expressions. Since the length of u is bounded by n, 
this procedure terminates leaving us with a system linear in certain 
expressions G,. 
$ 3. Let a(z) = 2x + 1, p(z) = 3x + 1, y(z) = 6z + 1, and consider the semi- 
group S generated by 01, @, y under composition of functions. (The con- 
vention that QU denotes the composition @o(z) =@(a(~)) is used here.) Let 
A = {a, /?, r>, then an element 011 . . . cyk E A* is interpreted as the oompo- 
sition of 011, . . . . a&. Two elements 9, (T E A* are equivalent if they represent 
the same function, and equivalence of Q, c is denoted e - CT. For example, 
since CXC$(X) = 122 + 7 = p(2), a@ - ya. We are going to show that every 
equivalence class of elements has exactly one element which does not 
have CWX~ as a subword. Thus, A*/m/3 has exactly one representative 
of each equivalence class. (The set brackets which should be enclosing 
ocol,$ in A*/ora@ have been dropped on aesthetic grounds.) 
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Assuming for the moment that A*/aq3 has exactly one representative 
of each equivalence class, we define a weight function as follows. Let 
~(a) =u, w(p) =v, w(y) =uv, then the weight w(o) =uW of a word 0 
indicates that the function represented by o has the form 2Wx+c for 
some integer c. Thus, if f(i, j) denotes the number of distinct functions 
213x+ c represented by compositions of OL, /?, y, then 
(11) G= ocA;oap ~(4 = 3 f& J-W’- 
Following the procedure given in the last part of section 2, a system 
of equations similar to (6) is derived. 
G=l+G,+G,-tG,, 
(12) G,=u(G-Gas), Gp=vG, G,=uvG, 
Gap = uvG. 
Solving for G one gets 
(13) G=(l-u-v-UV+U%)-i= (I; f(i,j)uW. 
. 
It follows that f(i, O)=f(O,j)=l, f(i,j)=2j+l, f(i+l, l)=i+2 for 
i,j=o, 1 , . . . . and 
(14) f(i,j)=f(i-1,j)+f(i,j-1)+f(i-1,j-1)-f(i-2,j-1) (i>2,j>l). 
A small table of values of f(i, j) is given below. 
i/j 0 1 
0 1 1 
1 1 3 
2 1 4 7-r 3 1 5 4 1 6 5 1 7 6 1 8 1 1 5 7 11 22 17 46 24 75 32 114 ’ 41 163 
Table of velues off (i, i) 
1 
9 
37 
97 
195 
339 
541 
2 I 3 I 4 I 5 I 6 
I 1 
11 
66 
181 
436 
873 
1568 
1 
13 
79 
305 
866 
1994 
3989 
The proof that A*/&? has exactly one representative of each equiva- 
lence class breaks into two parts. In the first part it will be shown that 
each equivalence class has at least one representative in A*/oro$l. In the 
second part, it will be shown that elements of A*/orcwp represent distinct 
functions. 
The first part of the proof can be cast in a slightly more general setting 
which hopefully will be useful at a later date. Suppose S is a semigroup 
finitely generated by affine operations at(x) =mm+ct with ma, ct integers, 
and Irntl>l for i=l, . . . . k. The words over A = (~1, . . . , OLD} are interpreted 
as compositions of the B’S, and two words e, 0 are equivalent just when 
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they represent the same function, in which case, write e - C. The equi- 
valence classes induced in A* are necessarily finite. In fact, if the words 
in a class represent the function mx+c, then the number of elements in 
the class is at most the number of ordered factorizations of m into factors 
belonging to the multiset (ml, . . . . me). Since lmtl> 1 for i = 1, . .., k, this 
number is finite. For each o E A *, let [a] denote the equivalence class 
containing u. Now suppose e, (T E A* are distinct and e - (T, then for 
every z E A * with r # A, the class [t] contains an element 7c which does 
not have (T as a subword. To see this, consider three cases involving the 
relative lengths of e and (T. If e is shorter than 0, u may be taken as any 
element of [r] having minimal length. Evidently 7~ cannot have 0 as a 
subword, for if it did, u could be replaced with e to obtain an element 
of [z] shorter than the shortest element which is balderdash. If e is longer 
than 0, JZ may be taken as any element of [z] having maximal length; 
since [t] is finite, such an element exists. Finally, suppose e and c have 
the same length. In this case it is convenient to prove a stronger result; 
namely, for each word t of length h there exists CJZ E [z] also of length F, 
which does not contain o as a subword. It can be assumed without loss 
of generality that the last elements of e and CT are different. (If Q =$A 
and G=o’)~, and every word t has some word z of the same length equi- 
valent to it which does not have u’ as a subword, then n does not have 
O= o’A as a subword.) Also, suppose there exists a word z of minimal 
length h such that every word of length h equivalent to t has o as a 
subword. Furthermore, it can be assumed without loss of generality that 
List (1,O) 
CC1 
List (0,l) 
B1 
List (2,0) 
aa 3 
List (1,l) 
Yl 
aB 3 
Pa 4 
List (0,2) 
Iv 4 
List (3,0) 
aaa 7 
List (2,l) 
w 3 
?Ja 7 
a/la 9 
paa 10 
List (1,2) 
BY 4 
YB 7 
a/V 9 
BaB 10 
BBa 13 
List (0,3) 
/VP 13 
List (4,0) 
aaaa 15 
- 
-- 
Lid (3,l) 
aay 7 
aya 16 
yaa 19 
agaa 21 
/haa 22 
List (2,2) 
YY 7 
4Y 9 
Bay 10 
wB 16 
r&B 19 
a/lap 21 
Pw 22 
~ba 25 
a@a 27 
PaPa 28 
@aa 31 
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(r is as far to the right in z as in any other word of the same length equi- 
valent to t. Now replace the right-most u in z with Q to obtain 4. Of 
course, # N t, and 4 has length h also. Let j be maximal such that the 
jth elements of z and 4 differ. (This is the position in z occupied by the 
last element of the right-most o in z.) Let 4 =pv where p has length j- 1, 
and since j- 1 <h, there exists a word w of length j - 1 equivalent to p 
which does not have 0 as a subword. Thus, PZ = L(YU N t, z has length h, 
but cannot have u as a subword because such a subword would have to 
overlap cu and v. But 0 was right-most in z among all words of length 
a equivalent to z, so a subword u overlapping v would have to have the 
last element of u equal to the first element of v which is the last element 
of e. Since the last elements of e and c differ, a contradiction is obtained. 
The general result just proved implies that A*/ol@ contains at least 
one representative of each equivalence class. Now we show that the 
elements of A*/orol/? represent distinct functions. 
In a table above we have formed List (i, j) for various values of i and j. 
List (i, j) is a listing of the elements of A */CWQ? which represent functions 
of the form 2$3kx + c for fixed non-negative integers i, j with the constants 
c in increasing order. 
List (2, 2) is typioal of a remarkable phenomenon. The numerical 
ordering of the words puts them in reversed lexicographical order where 
words are read from right to left. That is, the words in List (i, j) break 
into three blocks: The first block consists of words which end in y, the 
next consists of words which end in /?, and the last consists of words 
which end in 0~. Furthermore, if we delete the last element from every 
word in the list, the words in the first, second, and third blocks become 
the words of List (i - 1, j - l), List (i, j - l), and List (i - 1, j) respectively. 
To prove this result by induction, it is only necessary to check that the 
constant of the function represented by the last word in a block of a 
list is less than the constant of the function represented by the first 
word in the next block of the list. Three cases are treated depending on 
the relative sizes of i and j. 
In the first case, suppose i >j > 0 and let i =j + h. The last word in the 
y-block is /P-W++f-1 y, the first and last words in the ,Y-block are &+lyj-r/3 
and +@?)J--l respectively, and the first word of the a-block is &-iy&, 
It is easy to check that the inequalities /~WX~++(O) <&+l@-r/?(O), 
~nr(~B)1-l(O)<orn-lr~oc(O) hold for all h, j>O. In the second case, suppose 
i =j > 0, then the relevant inequalities are b”-W-ly(O) < ocra-+3(0) and 
(d)4(o) < ,@J~-W’). Ag ain it is easy to check that these hold for all i > 0. 
Finally, suppose j > i > 0 and let j = i + h. Then the relevant inequalities 
are ~(+W#-ly (0) < /P+$!3( 0) and /P($?)f (0) < ,8*+1y~-1~( 0) which hold for 
all A, i > 0. The fact that these inequalities hold is the heart of an induction 
proof that List (i, j) consists of distinct functions. Thus, since two elements 
of A*/@ must belong to the same list if they represent the same function, 
and since A*/aa$ is the union of all lists and each list represents distinct 
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functions, it follows that the elements of A*/@ represent distinct 
functions. 
Let A={orl, . . . . OLD} denote a set of affine operations m(x) = VQX + cc with 
mc, cd integers for i= 1, . . . . k, and suppose no element of A* has its inverse 
in A*. Could it be that there exists a finite set P CA* such that A*/B’ 
is a system of distinct representatives of the equivalence classes of A*? 
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